A closed-form solution for a basic model of the through-casing resistivity measurement is found. The solution reveals fundamental characteristics of the measurement and the dependence of these characteristics on the parameters of the casing and formation.
INTRODUCTION
Through-casing resistivity (TCR) technology is based on the original patent by Alpin (1939) , the recent theoretical development by Kaufman (1990) , and the patents by Kaufman (1989) and Vail (1991) . The recent report on the field test of the prototype of the tool (Vail et al., 1995) is another important step in the development of the technology. Vertical resolution of the measurement, effects caused by the cement sheath, casing inhomogeneities, and the finite length of the casing have been studied by Schenkel (1991) , Kaufman and Wightman (1993) , Schenkel and Morrison (1994) , Tabarovsky et al. (1994) , Zinger et al. (1994) , and Singer et al. (1995) . Although an understanding of the physical processes involved as well as the state of the art in modeling is already very advanced, having an analytical solution whenever it is possible is important. An analytical solution in an integral form was found by Kaufman (1990) case of an infinite homogeneous casing and formation. Another analytical solution was recently found by Wait (1995) who considered a finite-length casing restricted at the top and bottom by nonconductive layers. Wait's solution was in the form of a Fourier series. In this paper, we return to a consideration of the integralform solution, similar to the one found by Kaufman (1990) for a model comprised of a homogeneous casing and formation. Our approach to the model differs from that of Kaufman (1990) in that we assume that current is injected directly into the casing. An analysis of the field distribution in the vicinity of the injection electrode allows us to derive a simpler integral expression for the solution. Having analyzed the analytical properties of the integrand, we derive a closed-form asymptotic solution. Expressions for such fundamental parameters of the TCR measurement as the characteristic length and the k-factor follow from the solution.
A TCR measurement is based on the injection of an electric current into the casing and the subsequent evaluation of the current leaking into the formation from some, say a unit length, interval of the casing (Figure 1 ). The density of the surface current flowing along the casing j s and the density of the current leaking into the formation from a unit area of the casing j r satisfy the conservation law
where ∇ τ is the spatial differentiation operator with respect to the coordinates tangential to the surface of the casing (depth z, and azimuth φ); j e r is the density of the current injected into the casing from inside. The surface current density
where
is the integrated conductance of the casing, and ρ s is the resistivity of the casing steel. The last equality in equation (2) is valid if the tangential electric field, E τ , stays unchanged across the casing. For a static field, this takes place if the casing wall thickness δr is small compared to the casing radius r 0 and the length characterizing spatial variations of the electric field along the casing.
In the following analysis, we assume the current is injected directly into the casing and neglect the current leaking from the casing into its interior. The latter is justified by the fact that resistance of the casing per unit length is in the range of 20 to 120 µ /m while the resistance of the mud column is at least FIG. 1. Homogeneous infinite casing in a homogeneous formation-r 0 is the casing radius, δ r is the casing wall thickness, and h c is the cement sheath thickness. two orders of magnitude higher. Although this assumption simplifies the consideration, it does not affect the final results at all.
The static electric field can be described in terms of the potential (r, φ, z),
satisfying the Laplace's equation
outside the casing, and the boundary condition at the casing
where ρ is the resistivity of the formation. Equation (6) can be derived easily from equations (1), (2), and (4), and Ohm's law. We assume also at this stage that no cement sheath surrounds the casing. We will first consider the distribution of the current flowing in the casing in the immediate vicinity of the current injection electrode.
CURRENT DISTRIBUTION IN VICINITY OF INJECTION ELECTRODE
The distance necessary for a significant amount of the current to escape into the formation is usually several hundred meters. Therefore, when studying the current distribution in the vicinity of a current injection electrode, it is possible to neglect the current leaking from the casing. We assume that the casing is homogeneous and infinite above and below the injection electrode. The cylindrical coordinate system is chosen so that the z-axis is directed downward, that it coincides with the well axis, and a point electrode is touching the casing at the point z = 0, φ = 0, and r = r 0 . Then the distribution of the potential in the casing satisfies the equation
where I e is the current injected through the electrode and δ is Dirac's delta function. It is easy to see that the solution is given by the function
Indeed, the direct differentiation shows that this function satisfies equation (7) for z 2 + r 2 0 φ 2 > 0. In close vicinity to the injection electrode (|z| r 0 , φ 1), the electric field potential
depends only on the distance from the source. Thus, function (r 0 , φ, z) coincides with the potential developed by a current injected into a plain conductive sheet. As a consequence, function (r 0 , φ, z) specified by equation (8) provides the necessary singularity in equation (7).
For |z| > r 0 , it is convenient to represent the solution in an alternative form written as
is the resistance of the casing per unit length. It follows from equation (10) that, for |z| > r 0 , the potential is exponentially close to a linear function of the vertical spacing from the injection electrode. The transition of the potential from the 2-D distribution, equation (9), to the 1-D distribution described by the first term in equation (10) is seen clearly in Figure 2 , showing the contour plot of the potential in the vicinity of a single-current injection electrode. Thus, just in a few radii from the injection point, the distribution of the current flowing along the homogeneous casing is indistinguishable from the current distribution created by an axially symmetric current injection. This is also true for any number or configuration of the electrodes used for a unipolar injection of the currents into the casing. Obviously, this conclusion is valid as long as the distance from the injection electrodes is large compared to the casing radius r 0 .
FIG.
2. Distribution of the potential in the vicinity of a point current injection electrode:-Current of 1A is injected into the casing with radius r 0 = 0.1 m and resistance R = 40 µ /m; injection point is located at the lower right-hand corner of the figure; the border between differently shaded areas that is closest to the injection point corresponds to the potential of +100 µV, the other borders correspond to +46.4, +21.5, +10.0, +4.64, +2.15, 0, −2.15, −4.64, −10.0, −21.5, −46.4, and −100 µV, respectively. Due to the symmetry of the potential distribution, only a quarter of the φz-plane is shown.
LARGE-SCALE DISTRIBUTION OF ELECTRIC FIELD POTENTIAL
Studying the electrical field at a distance from the injection electrode greater than a few casing radii, we can assume that the current is injected into the casing using an axially symmetric electrode. We will also assume that the injection electrode is infinitely far from the ends of the casing.
To find the distribution of the potential, it is convenient to consider first its Fourier transform in the z-direction,
where a function and its transform are distinguished by the arguments. From equations (5) and (6), (r, ξ) should satisfy the equation 1 r
and the boundary condition
at r = r 0 +. We assume that the external electric current I e is injected through a ring-like electrode located at z = 0 and is returned to an electrode at infinity.
Equation (13) has only one independent solution disappearing as r → ∞. This solution is
where we use a notation K ν for the modified Bessel's function of the second kind of order ν. Equations (14) and (15), together with
Substitution of equation (16) into equation (15) and the inverse Fourier transform provide the solution for the electric field potential
and the parameter
The distribution of the potential along and outside the casing can be evaluated numerically using equation (17). One example of such a calculation is shown in Figure 3 . However, it is of interest to find an analytical or approximate analytical presentation of this solution. Typically, the radius (r 0 ) of the casing is on the order of 0.1 m and the casing resistance (R) per unit length is on the order of 40 µ /m. As a result, for a formation with the resistivity ρ ∼ 10 m, parameter α is close to 2 · 10 3 . Thus, equation (17) should be estimated for large values of the parameter α. Actually, it will be assumed in the following consideration that ln α 1.
It is shown in Appendix A that function (ζ ) is analytic in the complex ζ -plane with a cut along the negative real axis. The function has two zeros located in the complex conjugate points close to the imaginary axis. If we use the notation ζ 0 = ξ 0 + ιη 0 for the zero lying in the upper complex plane, then ξ 0 and η 0 can be found from equations (A-14) and (A-15).
The interval of integration in equation (17) can be restricted by a value of ξ smaller or comparable to |r 0 /z| or r 0 /r , whichever is smaller. Hence, calculating the potential at the distance {r
λ L from the injection point, where
one can limit the interval of integration by ξ η 0 . Within this interval, we can substitute functions K 0 (ξ ) and K 1 (ξ ) with the asymptotic expressions (A-5). Then the ratio of the first to the second terms on the right-hand side of equation (1) is smaller than ξ/η 0 . Therefore, the first term on the right-hand side of equation (18) (r, z) ρ I e 2π 2 r 0
At this point, we have used a known result (Bateman and Erdelyi, 1953) ; i.e.,
where J ν (ζ ) is the Bessel's function of the first type. Together with
for ν = −1/2, µ = 0, and η = 0. Thus, in accordance with equation (22), the distribution of the potential along the casing and outside the casing at the distance {r
λ L coincides with the distribution that would be observed in the homogeneous medium without the casing. This result was pointed out previously in Kaufman (1990) . Figure 4 shows a comparison of the exact solution (solid line) calculated from equation (17) for the model used in Figure 3 with the asymptotic solution (diamonds) described by equation (22). As seen from Figures 3 and 4 , the exact solution approaches a "point source" distribution faster if the observation point moves away from the source along the radial direction compared to the case when it recedes vertically.
From this point on, we will consider the potential distribution at the points separated from the current injection point by a distance small or comparable to λ L . As the first step in this consideration, we will change the integration path in equation (17). All the functions participating in the integration in this equation are analytic in the complex ζ -plane with a cut along the negative real axis. The only exception is function [ (ζ )] −1 , having two simple poles at the points ξ 0 + ιη 0 and ξ 0 − ιη 0 (η 0 > 0) located in the second and third quadrant close to the imaginary axis. The cosine function involved in the integration can be expressed as a half-sum of two exponents, one decaying in the upper half-plane and another decaying in the lower half-plane. This allows us to change the integration path from the positive real axis to the positive and negative parts of the imaginary axis as shown in Figure 5 .
After the transformation just described, equation (17) reduces to (r, z) = ρ I e 4π 2 ιr 0
where the function f (ζ ) is defined as
The general behavior of the function | f (ιη)| −2 can be understood from the example plot shown in Figure 6 . As can be seen in the plot, the function has a sharp peak at a small value of η and quickly decays for larger η. A more formal analysis of the function behavior can be found in Appendix B. Here, we use the fact that f (ζ ) has the same zeros as (ζ ) analyzed in Appendix A, and that the peak appears because of the closeness of these zeros to the imaginary axis. The position of the peak is determined by parameter η 0 , while its width is controlled by |ξ 0 |. We will now substitute the function f (ζ ) with the first term FIG. 5. Transformation of the integration path in the complex ζ -plane from the positive real axis to the positive imaginary axis for the factor exp(ιζ ) and to the negative imaginary axis for the factor exp(−ιζ ).
FIG. 6. Plot of the function
of its Taylor's expansion at the point ζ 0 , which is (26), using equations (A-15), (27), and noticing that
for η 0 1, we will find the electric potential distribution along the casing, as well as outside the casing for points separated from the injection electrode by the distance {r 2 + z 2 } 1/2 , which is smaller than or comparable to the parameter λ L ; thus 
CHARACTERISTIC LENGTH, IMPEDANCE, AND K-FACTOR
From equation (31), the electric field potential distribution along the casing at a point displaced from the injection electrode at the distance |z| < λ L is
After differentiation, we find that the current flowing along the casing and the current leaking into formation from a unitlength interval of the casing are
and
respectively. It is also easy to see that these solutions satisfy the conservation law
It follows from equations (33)- (35) that the distributions of the potential and the electric current are controlled by λ L . From now on, we will use the term "characteristic length" when referring to this parameter. From equations (A-15) and (21), we can derive an equation for the characteristic length; i.e.,
which can be solved iteratively as discussed in Appendix A. Obviously, the characteristic length depends on the ratio of the resistivity (ρ) of the formation and the resistance (R) of the casing per unit length. The casing radius r 0 is also a factor affecting the characteristic length. From equation (33), parameter Q is the potential developed by a unit current injection; i.e., the impedance of the system consisting of the casing and formation. Because the characteristic length λ L actually determines an effective length of the casing interval energized by the current injection, these two parameters are related by equation (32) having an almost obvious physical meaning.
It follows from equations (33) and (35) that the ratio (r 0 , z)/J r (r 0 , z), does not depend on z in the depth range |z| < λ L and can be interpreted as the resistance of a "current tube" created by the current leaking from a unit-length interval of the casing. It is convenient to define the apparent resistivity of the through-casing resistivity measurement as
where the k-factor is introduced to provide the equality of the apparent resistivity to the formation resistivity when the casing and the formation are homogeneous. Substituting equations (33) and (35) into equation (38), it is easy to find that
The equation shows that the k-factor of the TCR measurement is a function of the formation resistivity, casing resistance, and radius. This result probably deserves special attention. From equation (31), at the radial distance r λ L from the casing, the current flow is radially directed. Such a current flow corresponds to a cylindrical geometry of the potential distribution. If a current tube starts at the casing and continues to infinity then the current tube has an infinite resistance. From equation (22), this does not happen because at some radial distance from the casing the geometry of the current flow becomes spherical. An infinite current tube corresponding to a point source potential distribution has a finite resistance, as it is well known from the theory of electric grounding. Thus, the change of the geometry of the current flow is the phenomenon that bounds the resistance of a current tube. The area where this transition occurs obviously is controlled by the characteristic length. It is interesting to notice that having accepted such a physical description, it is easy to derive equations (37) and (39).
A straightforward numerical modeling shows that the asymptotic expression for the k-factor as it is presented by equations (37) and (39) is accurate withing 1-2% for a wide range of the casing and formation parameters. At the same time, the estimate [ρ/R] 1/2 used traditionally gives only a coarse approximation for the characteristic length λ L . The ratio of these two parameters is shown in the upper part of Figure 7 as a function of [ρ/R] 1/2 for different values of the casing radius. The lower panel of Figure 7 contains similar plots for the k-factor. As can be seen from the figure, the k-factor varies more than 100%, depending on the casing and formation parameters. This dependence cannot be ignored in a quantitative interpretation of TCR logs. At a first glance, one might think that dependence of the k-factor on the resistivity of the formation makes interpretation of the TCR measurements obscure, especially when dealing with a stratified formation. To understand that this is not true, it is necessary to draw a line between two types of parameters acquired in the TCR measurement.
Such parameters of the TCR measurement as characteristic impedance Q, k-factor, and characteristic length λ L can be called "global" parameters because these parameters are not affected by local variations of the formation resistivity. Indeed, the length of the energized part of the casing can be estimated as 2λ L . The same estimate stands for the thickness of the energized part of the formation. From equation (37) it can be seen easily that depending on the casing and formation parameters, the characteristic length varies between a hundred and a few thousand meters. This means that characteristic impedance Q (i.e., the potential elevation of the casing) depends on the "average" formation resistivity of a 2λ L -thick layer. Variations of the formation resistivity occurring in a significantly thinner bed do not affect Q. The same is true about the characteristic length λ L and the k-factor.
At the same time, the apparent resistivity (i.e., the density of the current leaking from the casing into the formation) is affected directly by the local variations of the formation resistivity. Such a parameter must be classified as a "local" parameter.
Considering the difference between the global and local parameters, the following interpretation scheme can be considered. First, the impedance Q is measured. Resistance of the casing per unit length R is another parameter that is measured by a TCR tool on a regular basis. Having measured these two parameters, one can evaluate the characteristic length λ L and the k-factor either from equation (32) and (39) or, when necessary, first using an inversion procedure to find the average resistivity of the formation, and then calculating the characteristic length λ L and the k-factor. The k-factor, found in the result of one of the described procedures, can further be used to evaluate the apparent resistivity and study the local variations of the formation resistivity.
EFFECT OF A HOMOGENEOUS CEMENT SHEATH
A cement annulus that is present in a completed well can also affect the through-casing resistivity measurement. In the case of a homogeneous cement annulus, a general theory can be developed easily in a manner similar to the one leading to equation (17) . Instead of pursuing this avenue, we will consider a model of a thin cement layer allowing for an analytical solution.
In the introduction, we replaced a highly conductive casing with a thin conductive sheet characterized by the same value of the integrated conductance [see equation (3)]. Similarly, a cement layer with resistivity ρ c (r, φ, z) and thickness h c (Figure 1) can be characterized by the transverse resistance
where r 0 = r 0 + h c is the outside radius of the cement annulus.
small compared to the casing radius, then h c h c (ρ c − ρ)/ρ. From equation (46), the effective thickness is positive if the cement is more resistive than the formation and negative otherwise.
Substituting equation (44) into equation (14) and taking the inverse Fourier transform of the electric field distribution along the casing yields the expression
where (ζ ) is specified by equation (18), and
Equation (47) is valid for |z| r 0 . Comparing equations (17) and (47), we see that they coincide if r 0 is substituted instead of r 0 into the right-hand side of equation (17). This means that after replacing r 0 with r 0 , equations (32)- (35), (37), and (39) become valid in the presence of a homogeneous cement sheath around the casing. In particular, the expressions for the characteristic length and the k-factor reduce to
The amplitude of the effect caused by the homogeneous cement sheath depends on the resistivity of the cement and the thickness of the sheath. Laboratory measurements (Klein et al., 1993) show that cement is a relatively good conductor with resistivity typically in the range of 1-10 · m. From equations (46), (49), and (50), the effect of cement sheath is larger in a conductive formation. Assuming for example, that the formation resistivity ρ = 1 · m, the casing radius r 0 = 0.1 m, and λ L ∼ 180 m, it is easy to find that the cement sheath with thickness h c = 0.02 m and resistivity ρ c = 5 · m will bias the apparent resistivity estimate by 11%.
CONCLUSIONS
Analysis of the electric potential distribution in the vicinity of a point injection electrode shows that the azimuth-dependent component of the distribution decays exponentially with the distance from the injection electrode. An important practical conclusion that can be drawn from this result is that the current flow in the casing becomes axially symmetric in just a few radii from the injection area, independent of the number of electrodes used to energize the casing.
The characteristic length is the main parameter controlling the distribution of the electric field potential along and outside the casing. It satisfies a simple transcendental equation that can be solved easily iteratively, providing accurate results after just a few iterations.
Closed-form expressions can be found for the potential distribution along and outside the casing when the distance from the injection point is smaller than the characteristic length or significantly exceeds it. Comparison of the analytical solutions and numerical calculations shows a good agreement in the corresponding areas.
The k-factor of the through-casing resistivity measurement as well as the characteristic impedance of the energized part of the casing and formation Q are related closely to the characteristic length λ L . Analysis shows that the variation of the k-factor for different types of casings and formations being targeted in through-casing resistivity reaches 100% or more. This conclusion should be taken into account in the interpretation of through-casing logs. The interpretation must be based on a two-step approach: the first step is to determine the average resistivity of the formation; the second step is to evaluate the distribution of the local apparent resistivity of the formation.
The analytical expressions found in this paper allow us to conclude that the effect of the homogeneous cement sheath can be characterized by the "effective thickness" of the cement layer. The effective thickness depends on the physical thickness of the layer and the relative difference between the cement and formation resistivity. A typical bias caused by the cement sheath will hardly exceed 10-20%. It can be anticipated that this effect will be stronger in a conductive formation compared to a resistive one. This conclusion is not valid for a thin bed structure. In this case, the cement annulus causes redistribution of the radial current flowing into the formation and a significant distortion is observed in the readings taken against relatively resistive beds. , and an interval of the upper edge of the cut running along the negative real axis. We will assume ε to be so small that the second term in equation (A-1) becomes dominant on the first semicircle, while the first term is dominant on the second one.
Function (ζ ) maps the above contour into a contour similar to the one shown in the right part of Figure 
